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The fidelity susceptibility has been used to detect quantum phase transitions in the Hermitian
quantum many-body systems over a decade, where the fidelity susceptibility density approaches
+∞ in the thermodynamic limits. Here the fidelity susceptibility χ is generalized to non-Hermitian
quantum systems by taking the geometric structure of the Hilbert space into consideration. Instead
of solving the metric equation of motion from scratch, we chose a gauge where the fidelities are
composed of biorthogonal eigenstates and can be worked out algebraically or numerically when
not on the exceptional point (EP). Due to the properties of the Hilbert space geometry at EP, we
found that EP can be found when χ approaches −∞. As examples, we investigate the simplest PT
symmetric 2 × 2 Hamiltonian with a single tuning parameter and the non-Hermitian Su-Schriffer-
Heeger model.
Introduction. The overlap of two states, or fidelity
Fh(|ψ〉 , |ϕ〉) = 〈ψ|ϕ〉 〈ϕ|ψ〉 to be more specific, is used
in the quantum information sciences as an estimation of
the similarity of two quantum states. In quantum many-
body system, the eigenstate fidelity and the fidelity sus-
ceptibility has been used to detect quantum phase tran-
sitions [1]. Away from the critical point, two ground
states with nearby parameters in the same phase are ex-
pected to have a high fidelity or a finite value of fidelity
susceptibility. On the other hand, when the system is
close to the quantum critical point, a quick drop in the
fidelity or divergence in fidelity susceptibility density is
very likely to occur. Although the definition of the fi-
delity is far from unique, e.g. the square root of Fh is also
widely accepted, as a quantity that defines the closeness
of two state, the fidelity satisfies the Jozsa’s axioms [2]: i)
0 ≤ Fh(|ψ〉 , |ϕ〉) ≤ 1; ii) Fh(|ψ〉 , |ϕ〉) = Fh(|ϕ〉 , |ψ〉); iii)
Fh(U |ψ〉 , U |ϕ〉) = Fh(|ψ〉 , |ϕ〉), where U is an arbitrary
unitary operator; and iv) Fh(|ψ1〉 ⊗ |ψ2〉 , |ϕ1〉 ⊗ |ϕ2〉) =
Fh(|ψ1〉 , |ϕ1〉)Fh(|ψ2〉 , |ϕ2〉).
Since the discovery of that a non-Hermitian Hamil-
tonian with parity-inversion (P) plus time-reversal (T )
symmetry has real eigenvalues [3], it has been attracting
both theoretical and experimental investigations on the
non-Hermitian systems in many fields, ranging from clas-
sical optics, acoustics, optomechanics, mechanics, elec-
tronics, metamaterials, plasmonics, condensed matter
physics, and photonic crystals to innovative devices [4–
16]. However, the fidelity Fh losses its meaning in the
non-Hermitian quantum systems because the inner prod-
uct in conventional quantum mechanics leads to all kinds
of weird behaviors, e.g. faster-than-light communica-
tion [17], and entanglement increasing under local opera-
tions and classical communications (LOCC) [18]. To gen-
eralize the fidelity for non-Hermitian systems, it is neces-
sary to use a proper inner product. Utilizing the geomet-
ric meaning of Schro¨dinger’s equation, one find a proper
inner product that is free from the above mentioned weird
behavior. Rather than being a strictly Euclidean-like
Hilbert space, the Hilbert space of the quantum states
can have its own “geometry” or metric [19–21].
Given a non-Hermitian Hamiltonian H 6=H†, the
connection-compatible metric operator G, of the system
has to be positive-definite, G = G†, and satisfy the equa-
tion of motion:
∂
∂t
G = i(GH −H†G). (1)
The corresponding dual vector of |ψ〉 becomes⟪ψ|= 〈ψ|G. For notation consistency, define |ϕ⟫= |ϕ〉
and the inner product becomes ⟪ψ|ϕ⟫= 〈ψ|G |ϕ〉. The
detailed derivation can be found in Ref. [21]. It is known
that if the Hamiltonian is not at the exceptional point,
then the metric can always be chosen as
G =
∑
i
|Li〉 〈Li| . (2)
Where |Li〉 is the ith left-eigenvector of the Hamilto-
nian, i.e. 〈Li|H = 〈Li|Ei. This gauge choice [21]
not only reproduces the biorthogonal quantum mechan-
ics [22], it also works the best with Hamiltonian eigen-
states. Note that the jth right-eigenvector |Rj〉 satis-
fies H |Rj〉 = Ej |Rj〉 and the bi-orthonormal relation,
〈Li|Rj〉 = δij .
The exceptional point (EP) [23–26] of the non-
Hermitian systems is a special point in the parameter
space where both eigenvalues and eigenstates merge into
only one value and state. In general, the eigenstates of a
non-Hermitian Hamiltonian are not orthogonal with each
other using the conventional inner product. As the pa-
rameter approaches the EP, two or more eigenstates close
to each other and eventually coalesce into one. Thus,
the Hamiltonian at the EP has less eigenvectors and can
not span the entire Hilbert space. The EPs are also as-
sociated with the real-to-complex spectral transition for
parity-time (PT ) symmetric Hamiltonians [24]. The EPs
provide genuine singularities, which can manifest promi-
nently in optical [27], plasmonic [28] and microwave [29]
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2response properties and hybrid dynamical systems [30–
32], cold atoms [33], sensing enhancement and scattering
problems [34]. Since finding the coalescence of eigenvec-
tors by numerical full diagonalization may be a tedious
work, theoretical development in detecting the EP be-
comes interesting and urgently needed.
Generalized fidelity susceptibility. In this paper,
the fidelity is generalized for comparing both the eigen-
states and the metrics in the non-Hermitian Hamiltonian
with one tunable parameter, e.g. H(λ) = H0 + λH
′,
with one of the left and right eigenvector pair, |L(λ)〉 and
|R(λ)〉, with 〈L(λ)|R(λ)〉 = 1. We define the generalized
(metricized) fidelity
F := ⟪R(λ)|R(λ+ )⟫ ⟪R(λ+ )|R(λ)⟫ , (3)
where ⟪R(λ)| = 〈R(λ)|G(λ) and ⟪R(λ+ )| =
〈R(λ+ )|G(λ + ). Although this definition does not
necessarily satisfy the first Josza’s axiom due to the ge-
ometry deformation in the Hilbert spaces, it is easy to
see that when H = H†, G = 1 is Hermitian, positive-
definite, and a solution to Eq. (1). Therefore, F reduces
back to Fh in Hermitian systems. While the generalized
fidelity F compares states not only in different geome-
try but also in the time evolution, F is constant in time.
Using the Schro¨dinger’s equation together with Eq. (1),
the time derivative on the generalized fidelity vanishes
trivially,
∂
∂t
F = 0. (4)
Therefore, this generalized fidelity can indeed be used
to quantify the closeness between the states in different
geometries of Hilbert space. Choosing the metric found
in Eq. (2) is equivalent to compute the left and right
eigenstates of the Hamiltonian as long as both λ and
λ+  are not the EP [35],
F = 〈L(λ)|R(λ+ )〉 〈L(λ+ )|R(λ)〉 . (5)
The generalized fidelity can be expanded as F = 1 −
χ2 + O(3) if the parameter λ is not an EP and  is
sufficiently small. The generalized fidelity susceptibility
χ can be approximated as
χ ≈ 1−F
2
(6)
The fact that F reduces back to Fh in Hermitian cases
means that the generalized fidelity susceptibility χ can
also be used to detect the phase transition, where the
fidelity susceptibility density tends to +∞ at the crit-
ical point [36]. Moreover, since F(λ) is affected by the
difference between the metrics G(λ) and G(λ+), the sus-
ceptibility χ(λ) is expected to diverge when the Hilbert
space is changing its phase. Furthermore, since the sole
reason that F(λ) can sit outside of region [0, 1] is the
metric difference in the Hilbert space, the “geometric
phase change” is very likely to occur as |F(λ)| > 1. Since
G(λ) changes smoothly except at the EPs [21], together
with the aforementioned properties, the limit of Reχ(λ)
should tend to negative infinity when λ approaches an
EP (λ˜), i.e.,
lim
λ→λ˜
Reχ(λ) = −∞. (7)
Example: a toy model. Here we provide two exam-
ples demonstrating the previous statement or the Eq. (7).
The simplest single variable adjustable Hamiltonian with
an EP is a PT -symmetric Hamiltonian [37],
H(r) =
[
ir 1
1 −ir
]
, (8)
where r ∈ R is the adjustable parameter. The eigenstates
coalesce at r = ±1; namely, r = ±1 is an EP of the
Hamiltonian. Moreover, the PT -symmetry is preserving
as |r| < 1; however, PT -symmetry is breaking as |r| > 1.
In the PT preserving region (|r| < 1), the time-
evolving right eigenstates are
|ψ1(t)⟫ = exp(−i√1− r2t)√
2 cosα
[
eiα/2
e−iα/2
]
, (9)
|ψ2(t)⟫ = i exp(i√1− r2t)√
2 cosα
[
e−iα/2
−eiα/2
]
, (10)
where cosα =
√
1− r2. By using Eq. (2) the correspond-
ing metric is
G =
1
cosα
[
1 −i sinα
i sinα 1
]
. (11)
In the PT breaking region (|r| > 1), the time-evolving
right eigenstates are
|ψ1(t)⟫ = exp(tΛ)√
2rΛ− 2Λ2
[
1
−i(r − Λ)
]
, (12)
|ψ2(t)⟫ = exp(−tΛ)√
2rΛ− 2Λ2
[
i(r − Λ)
1
]
, (13)
where Λ =
√
r2 − 1. Then the corresponding metric be-
comes
G =
1
2Λ
[
g11 g12
g21 g22
]
, (14)
where g11 = (Λ + r)e
−2tΛ − (Λ − r)e2tΛ, g22 = (Λ +
r)e2tΛ − (Λ − r)e−2tΛ, g12 = −i(e2tΛ + e−2tΛ), g21 =
i(e2tΛ + e−2tΛ).
In both regions, the expansion of the fidelity F(r) =⟪ψ1(r)|ψ1(r + )⟫ ⟪ψ1(r + )|ψ1(r)⟫ to the 2 order is
F(r) = 1 + 1
4(1− r2)2 
2 +O(3). (15)
3The fidelity is time-independent, and the fidelity suscep-
tibility is
χ(r) =
−1
4(1− r2)2 . (16)
Equation (16) shows that χ → −∞ as the parameter
approaches to the EP r → ±1 which agrees with Eq. (7).
Example: non-Hermitian SSH model. As a
second example, we consider the non-Hermitian Su-
Schriffer-Heeger (SSH) model. The SSH model is a
one-dimensional (1D) fermionic chain with a bond-
alternating hopping term, which originally describes the
electrons moving in the polyacetylene [38]. The SSH
model provides the simplest 1D free fermion model for
studying the topological quantum materials. The inves-
tigation on the SSH model is widely extended, from the
alternating bonds spin-1/2 XXZ chain [39] to 3D topolog-
ical condensed matter systems, e.g. the Weyl semimet-
als [40]. Because of its simplicity and non-trivial topo-
logical properties, the SSH model has been treated as
a parent model for studying non-Hermitian many-body
systems [41–47]. Since the experimental realization of the
non-Hermitian SSH model is easier to set up in a system
with finite number of unit cells with gain and loss, in the
following, we mainly focus on the finite system with N
unit cells, and linking to the thermodynamic limits. The
Hamiltonian is
HSSH = v
N∑
n=1
(c†n↑cn↓ + H.c.) + w
N∑
n=1
(c†n↓cn+1↑ + H.c.)
+ iu
N∑
n=1
(c†n↑cn↑ − c†n↓cn↓) (17)
Where the parameters u, v, w ∈ R, and u ≥ 0. cn↑ and
cn↓ are the annihilation operators at the nth unit cell for
the site with gain and loss, respectively. The usual anti-
commutation relation, {cnσ, c†mτ} = δnmδστ , and the pe-
riodic boundary conditions, cN+1σ = c1σ, are applied.
The phase diagram of the non-Hermitian SSH model in
the thermodynamic limits has been studied. The system
is in the PT symmetric topological phase w > v+u, the
PT broken phase v − u < w < v + u, and the PT sym-
metric trivial phase w < v − u, respectively [45–47]. By
employing Fourier transform, c˜kσ =
1√
N
∑N
n=1 e
ikncnσ,
where k = 2pim/N and m = 0, . . . , N − 1. The Hamilto-
nian becomes
HSSH =
∑
k
[
c˜†k↑ c˜
†
k↓
] [iu ξk
ξ∗k −iu
] [
c˜k↑
c˜k↓
]
, (18)
where ξk = v + we
ik. The eigenvalues for the single
particle is ε±k = ±
√
|ξk|2 − u2. After constructing the
set of operators (ψR±k )
† = (ε±k + iu)
ξk
|ξk|2 c˜
†
k↑ + c˜
†
k↓, and
ψL±k =
1
2ε±k
[ξ∗k c˜k↑ + (ε
±
k − iu)c˜k↓], the Hamiltonian be-
comes diagonalized to
HSSH =
∑
k
[
ε+k (ψ
R+
k )
†ψL+k + ε
−
k (ψ
R−
k )
†ψL−k
]
. (19)
Where ψR±k and ψ
L±
k′ satisfy 〈0| (ψR±k )† = 0 = ψL±k |0〉,
|0〉 is the vacuum state, and 〈0|0〉 = 1. More-
over, their (anti-)commutators with the Hamiltonian are
[HSSH, (ψ
R±
k )
†] = ε±k (ψ
R±
k )
†, [HSSH, ψL±k ] = ε
±
k ψ
L±
k , and
{ψLτk , (ψRτ
′
k′ )
†} = δkk′δττ ′ .
The time-dependent metric tensor can be chosen to be
G(t) =
N∑
p,q=0
∑
k,k′
(
p∏
a=1
e−2t Im ε
+
ka
)(
q∏
b=1
e
−2t Im ε−
k′
b
)(
p∏
a=1
ψL+ka
)†( q∏
b=1
ψL−k′b
)†
|0〉 〈0|
(
q∏
b=1
ψL−k′b
)(
p∏
a=1
ψL+ka
)
, (20)
where
∑
k,k′
≡
N∑
k1=1
N∑
k2=k1+1
...
N∑
kp=kp−1+1
N∑
k′1=1
N∑
k′2=k
′
1+1
...
N∑
k′q=k
′
q−1+1
.
From the Eq. (19), we define that the half-filled right
eigenstate |Ψ0⟫ such that (ψR−k )† |Ψ0⟫ = 0 for all k is
the “ground state”. In other words, the ground state is
the state full of particles in the ε−k band, even ε
−
k may be
complex in the PT broken phase. The time dependent
right ground state is
|Ψ0(t)⟫ = [∏
k
e−itε
−
k
(
ψR−k
)†] |0〉 , (21)
and the corresponding dual vector of the right ground
state, ⟪Ψ0(t)| = 〈Ψ0(t)|G(t) is the left ground state,
⟪Ψ0(t)| = 〈0|(∏
k
eitε
−
k ψL−k
)
. (22)
The fidelity susceptibility density χ0 for the two ground
4FIG. 1. Ground state fidelity susceptibility density χ0 for the
Hermitian (u = 0) SSH model. v = 1 is set as the unit. (a) χ0
as a function of w. (b) The size dependence at the quantum
critical point w = 1 is plotted, and a power-law divergence is
found, χ0 = 5(N − 1)/80.
states with parameters (u, v, w) and (u, v, w + ) is
χ0 =
1
N
∑
k
v2 sin2 k − u2
4(v2 + w2 + 2vw cos k − u2)2 , (23)
where  is taken to be infinitesimally small. It is clear
that χ0 is a time independent quantity.
In the case u = 0, the Hermitian limit, the ground
state fidelity susceptibility density Eq. (23) for v = 1 is
plotted in Fig. 1. For N is even, there is a k = pi such
that Eq. (23) diverges at the critical point (u, v, w) =
(0, 1, 1). Therefore we focus on the odd N for looking
at the size dependences, where χ0 is always finite. It is
known that χ0 goes to +∞ at the quantum critical point
w = v in the thermodynamic limit N →∞. The scaling
properties of the fidelity susceptibility has been studied
for the quantum phase transitions [48]. From Eq. (23)
we obtain a power-law divergence χ0 = 5(N − 1)/80 at
v = w = 1, as shown in Fig. 1(b).
For the non-Hermitian (u 6= 0) case, as |w − v| ≤ |u|,
there is a k = kEP such that the denominator vanishes.
Since the denominator is always positive and the numer-
ator is always negative, the ground state fidelity suscep-
tibility density χ0 → −∞ characterizes an EP if one of
the k points closes to the kEP. Therefore in the ther-
modynamics limits, i.e. the values of k are continuous
in [0, 2pi), the PT broken phase v − u ≤ w ≤ v + u
becomes the exceptional line. In other words, the excep-
tional line is an emergent phenomena in the thermody-
namics limits, while in the finite system the exceptional
line breaks down into separate EPs. For example, as
shown in Fig. 2(a), the exceptional line in the finite size
system N = 101 breaks down into 2 EPs and 4 EPs for
u = 0.04 and u = 0.1, respectively. As the parameter ap-
proaching to these EPs, the behavior of χ0 agrees with
the hypothesis Eq. (7).
Interestingly, since there is only a limited number of
k points in the finite size system, one may find no EP
at all in the whole parameter space if the non-Hermitian
FIG. 2. Ground state fidelity susceptibility density χ0 for
the non-Hermitian SSH model. v = 1 is set as the unit.
(a) For N = 101, the signal of the Hermitian quantum phase
transition is enhanced by adding a small non-Hermitian term.
The EP is not present in the finite N = 101 until u & 0.04.
(b) For u = 0.1, small finite size N would lead the absence of
the EP.
driving parameter u is small enough or the size N is
odd and small. As shown in Fig. 2(a) for larger size
N = 101 and smaller sizes in Fig. 2(b), the ground state
fidelity susceptibility density χ0 is always positive and
finite for u . 0.03 with N = 101 system and u = 0.1 for
smaller systems, showing no EP in the whole parameter
space. The absence of EP means that these finite size
systems are PT preserving in the whole (v, w) parame-
ter region, i.e. the PT breaking phase vanishes in the
odd N systems. Although the terminology “phases of
matter” implies the case is in the thermodynamic limits,
the system with size N = 101 is usually large enough for
distinguishing different phases in many numerical stud-
ies about phase transitions. This may contradict to the
usual believe that the PT breaking phase must be opened
when u > 0 with the presence of two EPs at the phase
boundaries [45–47]. In fact, it is consistent with previ-
ous finding. For example u = 0.1, the small size systems
in Fig. 2(b) have no EP. However once the size is large
enough, at least two EPs present at the phase boundary,
as shown in Fig. 2(a). For u ≤ 0.03, the size should be
much larger than N = 101 for opening the PT breaking
region. Because the sensitivity of the non-Hermitian sys-
tem could be enhanced near the EP [27, 34], the small
u which is not strong enough to open the PT breaking
region, consequently, enhances the signal of the phase
transitions between the topological phase and the trivial
phase. As shown in Fig. 2(a), χ0 with small u becomes
much larger than the case u = 0. The amplified suscepti-
bility means that by a small non-Hermitian perturbation,
the finite size system becomes more sensitive in respond-
ing the quantum phase transition. It other words, a small
non-Hermitian perturbation is helpful to detect quantum
phase transitions, especially for those with particular dif-
ficulty, e.g. Kosterlitz-Thouless transition [49, 50].
Conclusion. In conclusion, we have properly gen-
eralized the fidelity Eq. (3) for non-Hermitian quantum
5systems by including the metric of the Hilbert space. We
mention that, unlike the phase transition, the EP is not a
thermodynamic but the geometric property of the Hilbert
space. In the perspective of the fidelity susceptibility,
both the EP and the quantum critical point enhance the
sensitivity of a non-Hermitian system, however the EP is
a geometric effect and divergence direction is clearly dis-
tinguished from the quantum critical point. We propose
the Equation (7) is one of the basic properties of EPs.
This hypothesis for the EPs may break down, as the fi-
delity susceptibility density may fail to detect quantum
phase transitions [36]. However, so far we do not find a
counterexample against to Eq. (7). Moreover, since the
computation of the generalized fidelity is reduced to the
biorthogonal formalism Eq. (5) if the parameter is not
the EP [35], numerical computations for more complex
systems require only one of the biorthogonal eigenpair
of the non-Hermitian Hamiltonian, instead of solving the
metric equation of motion Eq. (1) or full diagonalization.
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